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ABSTRACT

We summarize some of the nuclear structure issues ia
theoretical treatments of gR decay, emphasizing several of the less
well-tested approximations commonly made.

INTRODUCTION

The recent attempts to extract quantiiative limits on lepton
number violation from doub.e beta decay experiments have underscored
tho need for reliable treatments of the nuclear structure of this
process. In ¢this talk we discuss our present understanding of the
nuclear physics, the approximations that are commonly made by
structure theorists, and the prospects for improving existing
calculations. Because of the excellent talk by Prnfessor Kotani, we
will not discuss the particle physics aspects of this process ror
its importance as a constraint on gauge thuoriss. We will also not
present numerical 1imits on lepton number violation: these resuits
‘ are contained in recent reviews,!’2'3

DECAY RATES

In deriving the decay rate for the 2v BB decay process shown in
Fig. 1a, two approximations are commonly made:

i) Each nuclear £ decay is evaluated in the allowed
approximation where only the Fermi and Gamow-Teller operators (r (1)
and o(1)t, (1)) are retained;

11) "The sum over virtual 4intermediate ~clear states is
performed by closure after replacing the nucle.. :xcitation energy
appearing in the e 'rgy denominator by an average value.

The first approximation restxieis the states populated 1n ppe
daughter nucleus by the decay of a 2 parent to those with J -0 o1
and 2% In fact, decays to and 2 states are 1tronglj
auppressed. Decays belween 0 statea are mediated by two matrix
elements

Mop = <0F % x T(1) 3 ()T, ()1 (j)lo > (1a)
ij .



M, = <o'f*|'4 izj 1+(1)r+(3)|o‘;> (1b)

The double Fermi matrix element vanishes in the 1limit of good
isospin and quite generally is small. Thus the decay rate can be
written approximately as

2
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where the phase space factor fGT is
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with 6. the Cabibbo anrle, F(Z) a correction for Aistortions of the
slectron plane waves in the Coulomb field of the nucleus, <E> the
average intermediate state excitation energy, and T, ,the total
kinetic energy carried off by the leptons in units of m.c .
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Fig. 1. Two-nuclcon mechanisms for (a) two-neutrino and (b) no-
neutrino i decay.



The analogous salculation of Ov RS decay is more complicated.
First, as this process does not occur in the standard model; we must
introduce a more general B decay Lagrangian. One form commonly used
allows left- and right-handed leptonic and hadronic currents.!>2 The
left- and right-handed neutrino fields are massive. More correctly,
they can be expressed in terms of the 2n Majorana mass eigenstate
fields, where n is the number of generations (e,u,7,...) in some
underlying theory. If the Lagrangian is CP-invariant and all
neutrino mass eigenstates are light, the Ov BB decay rate depends
quadratically on lepton-number-violating masses and couplings such
as

2n

cP.L 2
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Here ULi and uﬁi are the coefficients describing the left- and
right—ﬁandedrpelectron neutrinos in terms of the mass eigenstates,
and my and A, are the mass and CP eigenvalue of the ith mass
eigenstate. The ccefficient nRL is the strength of the coupling of
the right-handed leptonic current to the left-handed hadronic
ourrent in units of the weak coupling 5,.. Both np; and m destroy
the Y.~invariance (i.e., maximal parity violation) o the istandard
model. In addition to nonzero values for n,. and m,, the sums
appearing in eqs. (3) must be nonvanishing if Ov BR decay is to
ocacur. The presence of Majorana terms in the neutrino mass matrix
- will produce nonvanishing sums. More details on the particle
physics can be found elsewhere. 112 _

We retain only the Gamow-Teller and Fermi matrix elements and
electron s- and p-waves. The closure approximation is invoked to
complete the sum over virtual intermediate states, (This
approximation is better justified than in 2v decay because of the
presence of an energetic virtual neutrino 4in the +1ntermediate
state.) One finds that the Ov decay rate for 0'+) transitions
depends on a variety of nucleoar matrix elements.
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where r,. = I r and R,, = r +r. One can take g(ri )~ 1 for
light neutrinos (mv <ij1/R0. with R, the nuclear radius As only
the first two matrix eiements eontribute to terms in the decay rate
proportional to ‘mv>LLv in this 1limit .there is a close analogy
between the matrix elements governing Ov and 2v decay.

The quality of the constraints we can place on the parameters
governing lepton number violation depends on our ability to
calculate these Ov matrix elements. The similarity between the Ov
matrix elements and those mediating 2v decay suggests a natural
check on the reliability of such calculations: do the nuclear wave
functicns reproduce known 2v decay ratea? A comparison of shell
model predictions of Haxton, Stephenson, and Strottman“ with
oxperiment 4is maiab in Tab 1. Limits on |M | from laboratory
expariments with a and Se are somewhat smaller than the
calculated values. More serious disagresments cxist between theory
and geochemical half life determinations for 82Se, 128Te, and 130Te.

Tlee 1. cCalculated and exﬁerimental double Gamow-Teller matrix
elements MGT'

4 *
Nucleus 'MGTl theory IMG’I‘IexP
484 0.22 <0.20%)
76Ge 1.28
_ 825e 0.94 <0.75%
' t
0.407)
1-
128, 1.47 0.21-0.25%
+
<0.19")
130 7.9t
Te 1.48 0.11-0.14""
.0.198)

*Calculated using F, = 1.25, cos _ = 0.9737, and M_ = 0.

A

*Maximum values dctermined from total geochemical rates.
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NUCLEAR STRUCTURE ISSUES

The limits on lepton number violation that can be extracted
from bounds on Ov 88 decay rates are given in Ref. 1. We will not
repeat those discussions here, but rather concentrate on the general
nuclear structure issues. Clearly the credibility of any limit on
lepton number violation depends on our confidence in matrix element
calculations, and that confidence would be enhanced if we understood
the origin of the discrepancies between theory and the geochemical
2v BB decay results. Thus we review several of the less well-tested
approximations that are commonly made in nuclear structure studies
of B8 decay.

1. Completeness of the model space: The double Gamow-Teller
operator is simple in that 6(i)t,(i) does not change the nodal or
orbital quantum numbers of a nucleon. In principle, this allows one
to respect exactly the underlying "sum rule®"™ governing this
operator: bases can be defined such that the Gamow-Teller operator
cannot cause transitions to configurations outside the model space.

In some early calculations this sum-rule constraint was rather
badly violated: basis truncations were so_severe that virtually
none of the configurations produced whsa (*\-0(1)r¢(1)1 (3) acts on
the 1initial state were 4included in the des2ription ox the {ina
state (and conversely). This, and the use of nonrelativistic
electron wave functions, l1ed to long half lives, in agreement with
the geochemical results.

In the shell model calculations that produced the results in
Table 1, great effort was expended to satisfy the sum rule
constraint. The tendency of minor compouents of the wave functions
to contribute constructively to MCT then leads to "large" matrix
slements in all cases excapt Ca. We believe we understand this
behavior: Zamick and Auerbach showed that this constructive
addition of strengths of different orbitals 4is exact in the
asymptotic limit ¢f the Nilsson model.}? The size of | is
governed larygely by *the pairing force: a stronger pairing ;orce
parmits greater overlaps butween neutron and proton configuratiera.

- However, some compromises are necessary even in large-basis
shell model calculations. In our Te calculations we employed the
oanonioal shell model space spanning the magic numbers 50 and 32,

-1h This space omits the spin partner<

1/2 ana/?h S/Sn Zézthusllncomplete in the sense of the sum rule.
Ino usion o the missing spin partners makes the shell model
dliagonalization much more difficult and also produces a spurious
(ceuter-of-mass) model space, This spuriosity 4s a serious
difficulty in ocalculations where one uses realistic g-matrix
interactions that are not translationally invariant. Despiie the
shel)l model prejudice that the missing orbitals are not as important
as those we have included, it would clearly be better to include
them. A perturbatlve éstimate of the contributions of the missing



spin partners could be made without running into difficulties with
apurious center-of-mass effects.

2. Completion of the sum over intermediate nuclear states by
closure: The matrix element Mgr 1is  derived by replacing the
1/B-weighted sum over virtual nuclear states by a non-weighted sum
so that closure can be used

<f| ig(i)1+(i)|n><n] p ST, ()4 oM
ﬁ = <E,-E > - ¢ - v
E1 - €=V - En i™n
- (5)

[

N

Although this can be regarded as a definition of the average
excitation energy, in practice <E;-E > is tvaken from (p,n) mappings
of the single Gamow-Teller strength distributions in the
intermediate nu leus. However, if the signs of the terms in Eq. (5)
have predominantly one value for small En and thu opposite value for
large n? this procedure c¢ould give a result that differs
significantly from the 1/E-weighted sum.

A number of tests of the closure approximation have been wade.
In many cases %these tests were done by severely restricting the
model space, s0 that explicit summations over the intermediate
states in Eq. (5) could be performed. We bclieve such tests are
inadequate because of the nee?]for realistic mduel spaces diasussed
previously. An RPA summation ~ over intermedjigte states in I ana
a partial summation over low-lying states in °“Bi are described in
Ref. 1; both tend to support the closure approximation. More
recently Tsuboi, Muto, and Horiel? performed a shell model igpmation
over intermediate  states excited in the BB decay of Ca, the
simplest of the isotopes of Table 1. The energy-weighted sum gave a

. decay rate substantially larger than the closure result and larger

than the experigental limit established by the Columbia group.s
However the Ca BB decay matrix element M r is unusual, strongly
suppressed by cancellations oocurring ia the Eéé@ sh2ll because of
the K selection rule discussed by Lawson!? and by Zamick and
Auerbach. !9 In the presence of such cancellations it 1is not -
surprising that the 1/E-weighted and nonweighted sums produce
different results. It is unclear whether any conciusions can be
drawn about the othar BB decay nucle. of Table 1, where no strong
canocellations occur in the shell model estimates of M, .

Explicit summations over intermediate states can be extremely
difficult numerically. A more tractable alternative may be to
oonstruot :

|n><n !5 3(j)T+(J)|i>

- e——

n Ei - £ -V - En
(6)



from the moments H' of the distribution Zo{j)T 31>, where H 1s
the nuclear Hamiltonian. A 1lcorge number of moments can be
calculated by techniques used Youtinely in shell model codes
employing the Lanczos algorithm. Alternatively, the first moment
of H can be expressed as a double commutator and could be evaluated
in most model calculations.

3. The allowed approximation: Our expression for the 2v 88 decay
rate (Eq. (2)) was derived in the long-wavelength approximation
while retaining only the leading operators in (v/c) of the nucleon.
The long-wavelength approximation is well Jjustified because the
momentum transfer to the nucleus is restricted by the lepton
kinematics to <<1/Ro, where R, is the nuclear radius.

The neglect of p/M terms in the weak hadronic current is 1less
well Justified. - Thg most important of these operators may bde the
axial charge, o(1)-p(i)/M, which carries odd parity. ~As . a
pseudoscalar, it will not couple single-particle states in the Te
model space described previously. (There is no J=11/2 even-parity
partner of the h orbital.) However, principal components of the
Te ground state wilf connect to minor components of the Xe ground

state outside this model space, and conversely. The axial charge
operator could prove more important for heavier nuclei, where
valene orotons and neutrons predominantly occupy orbitals of
opposite parity. ’

4, Delta~-hole components ir nuclear wave functions: As the -delta
can be produced when the Gamow-Teller operator acts on a nucleon,
our sum-rule argument also suggests one should consider A-i
components in the nuclear wave functions. Despite the large energy
required to produce this resonance, A=-h excitations can be important
because there is no Pauli blocking. The role of A-h excitations in
single 8 decay is still controversial because nuclear correlations
may account for much of the observed Gamow-Teller quenching.15 Grotz
and Klapdor!® found a 25-30% reduction in BB decay rates due to A-h
components. .

5. Quality of the nuclear structure calculations: Finally, apart
from all of the approximations described above, there remains the
question of how well we can execute nuclear structure calculations.
The results reported in Table 1 are taken from "state-of=-the-art"
shell model calculations involving very large bases. However, some
compromises for the sake of numerical simplicity had to be made, the
principal one being a weak coupling approximation (see Ref. 1).

One should bear in mind, in comparing different calculations,
that one can reproduce observed 2v B8 decay rates by adjusting the
effective interaction: turning off the pairing interaction greatly
reduces [Mgr|. In the shell model calculations of Ref. 4, nvo such
ad hoc adjustments were made: g-matrices generated from realistic



N-N interactions were used. The goal of future nuclear structure
studies of 2v BB decay should be to reproduce observed rates while
using models and effective interactions <consistent with our
undersianding of nuclear structure.
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